Theoretical treatments of thermoacoustics have been reported for stacks with circular pore and parallel plate geometries. A general linear formulation is developed for gas-filled thermoacoustic elements such as heat exchangers, stacks, and tubes having pores of arbitrary cross-sectional geometry. For compactness in the following, F represents the functional form of the transverse variation of the longitudinal particle velocity. Generally, F is a function of frequency, pore geometry, the response functions and transport coefficients of the gas used, and the ambient value of the gas density. Expressions are developed for the acoustic temperature, density, particle velocity, pressure, heat flow, and work flow from knowledge of F. Heat and work flows are compared in the short stack approximation for stacks consisting of parallel plates, circular, square, and equilateral triangular pores. In this approximation, heat and work flows are found to be greatest for the parallel plate stack geometry. Pressure and specific acoustic impedance translation theorems are derived to simplify computation of the acoustical field quantities at all points within a thermoacoustic engine. Relations with capillary-pore-based porous media models are developed.
INTRODUCTION
In a broad view, thermoacoustics can be regarded as the study of effects due to the interaction of heat and sound..A large and growing subbranch is concerned with thermoacoustics in fluid-filled (gas and liquid) resonators though observations of heat-driven oscillations in tubes date back to at least the late 18th century. A full, linear, theoretical investigation of these oscillations was performed first by Rott. • The reciprocal mode of operation, which uses a sound wave in a resonator to transport heat from cold to hot as in a refrigerator, has also been of recent interest. This thermoacoustic streaming has its analogy in acoustic streaming, which is the D.Ci transport of momentum by an acoustic wave. Merkli 
point of view enhances the understanding of thermoacoustics and is very helpful in evaluating practical devices.
An exposed view of a thermoacoustic element is shown in Fig. 1 (b) . Thermoacoustic elements consist of a parallel combination of many elementary capillary tubes or pores. In of thermoacoustic effects in a single capillary tube. Both Rott • and Swift 4 considered thermoacoustic effects for acoustic oscillation between parallel plates. The initial intent of this study was to investigate thermoacoustic effects in a stack having square pores as shown in Fig. 1 (b) . Inexpensive sources of square pore stack material are ceramic monolithic catalyst supports often used in automobile catalytic converters. 6 This ideal-geometry material was previously used to verify first-principles theory for sound propagation in porous media. 7 Since ceramic has a low thermal conductivity in comparison to most metals, it is attractive for use as a stack as parasitic heat loss due to thermal conduction reduces efficiency.
In this paper, thermoacoustics is investigated for stacks having arbitrary pore geometries (parallel plates, rectangular pores, equilateral-triangle pores, circular pores, etc.). In particular, our interest is in the following question: What are the minimum necessary calculations to describe the acoustics of gas-filled thermoacoustic elements made of arbitrary-perimeter capillary tubes? An example of an arbitrary-perimeter capillary tube is shown in Fig. 1 (c) . Rott 5 pursued this question to the point of computing the acoustical quantities for parallel plate and circular pore geometries. Here, the acoustic field quantities and the second-order energy flow are considered for arbitrary perimeter pores. Heat and work flows are compared in the short stack approximation for stacks having the aforementioned pore geometries to investigate the effects of pore geometry. In addition, connections are established between thermoacoustic theory and capillarytube-based porous media theory. An analogous investigation has recently been performed for porous media by Stinson?
Once the acoustical properties of the separate thermoacoustic elements have been determined, the elements must be connected in series inside of a resonator as shown in Fig.  l(a) . Previously, numerical integration of the acoustical equations was used to compute field quantities in the stack since, in general, a temperature gradient exists from one end to the other.•'4 The physical parameters of ambient density, viscosity, sound speed, thermal conductivity, etc., are temperature dependent and thus depend on location within the stack. Here, specific acoustic impedance and pressure translation theorems are developed to compute all acoustical field quantities and energy flow at each point in the resonance tube shown in Fig. 1 (a) . Translation theorems are relations between specific acoustic impedance or pressure at location z and the value of these quantities at a different location z -d. Using the translation theorem approach it is easy to analyze complicated systems, e.g., a resonator containing a refrigeration stack, a prime mover stack, and heat exchangers.
Section I A contains the basic fluid equations and assumptions. The force equation is considered in Sec. I B and the transverse temperature profile is given in Sec. I C. A differential equation is given for the the acoustic pressure in Sec. I D. Sections I A-I D apply to a single capillary tube of arbitrary perimeter. The specific acoustic impedance and pressure translation theorems are developed in Sec. I E for thermoacoustic elements. Expressions are given in Sec. I F for heat and work flows in terms of pressure and specific acoustic impedance. A numerical analysis technique for the present formulation is given in Sec. I G. An application of the theory is given in Sec. II where heat and work flows are computed in the short stack approximation for stacks having a variety of pore cross sections. Here, the emphasis is on investigating the effects pore geometry have on heat and work flows.
I. PROPAGATION IN THERMOACOUSTIC ELEMENTS
The name stack was originally descriptive of the parallel plate arrangement used for the thermoacoustic element which possibly has a temperature gradient down it. The pores in the parallel plate arrangement are described in their transverse direction as parallel plates and as straight tubes in their longitudinal direction [the z direction in Fig. 1 (c) 
A. Fluid field equations and assumptions
The transverse coordinates in a pore are taken to be x and y, and the longitudinal coordinate is z as shown in Fig.  1 (c) . The ambient temperature is taken to be a function ofz in the stack. Assumed is that the pore walls are of sufficiently high heat capacity and thermal conductivity, in comparison to that of the gas, that the pore wall temperature is locally unaffected by temperature variations in the gas caused by an acoustic wave. Also assumed are that constant frequency pressure variations exist in the pore and that the pore walls are rigid and nonporous. The pore is taken to be infinitely long in the z direction. With these assumptions, the task is to derive the pore acoustic field to first order in the acoustic 
s(x,y,z,t) = So (z) + s• (x,y,z)exp( --icot), 
subject to the boundary condition that F(x,y;A) is zero at the pore walls. This is the boundary condition on particle velocity at the pore wall. As will become apparent in the following, this is the only differential equation which needs to be solved for determining thefirst-order acoustic quantities and secondorder heat and work flows.
In anticipation 
The complex density is the apparent dynamical density of the fluid in the pore.
C. Transverse temperature profile in a pore
The The excess temperature changes due to compression and expansion of the gas and from the second term, displacement of gas which can have different ambient temperatures on account of the temperature gradient. 
The cross-sectionally averaged density can then be expressed
The motivation for averaging the density over the cross section of the pore becomes apparent in the next section.
D. Pressure equation in a pore
The continuity equation, Eq. (7) 
In the absence of a temperature gradient To• = 0 so a ()[,g r) = 0. The complex wave number in the pore is then given by ___ k, which is the usual form found in porous media modeling. 7'n The form of the equation for pressure is reminiscent of the time analog of a damped harmonic oscillator; however, here a and k are complex quantities.
E. Specific acoustic impedance and pressure translation theorems
It is appropriate to establish the terminology used in this section. The specific acoustic impedance of an acoustical me-dium is equal to the ratio of the total acoustic pressure and totalparticle velocity. For example, in a fluid layer, the total acoustic pressure is a combination of a downgoing wave and an upgoing wave. The acoustic impedance is equal to the ratio of the total acoustic pressure and the total volume velocity. For porous media the appropriate boundary conditions at a surface are continuity of pressure, and continuity of volume velocity or equivalently continuity of acoustic impedance.
•2 For adiabatic sound, the characteristic or intrinsic impedance is equal to Po c where Po is the ambient density and c is the adiabatic sound speed.
To this point, propagation in a single pore of infinite length has been considered. Consider now a porous sample [e.g., Fig. l(b)] consisting of a parallel combination of  many identical single straight pores [e.g., Fig. 1 (c) 
Z(z)cos( kd) -iZ•.• sin(kd) Z(z -d) = Zin t (36) Ziat cos(kd) -iZ(z)sin(kd)
The pressure translation theorem is 
P• (z --d) = P• (z) {cos( kd) -i[ Z•,t/Z(z) ] sin(kd)}.

G. Numerical evaluation of an engine's performance
The first and simplest situation considered is the frequency response of a nondriven tube below the onset of oscillation. An example based on Fig. 1 (a) will suffice to demonstrate the procedure for computing the frequency response using the impedance translation theorem. The acoustic driver is considered to deliver constant amplitude acoustic oscillations of radian frequency co of insufficient amplitude to acoustically stimulate the transport of heat from cold to The open tube sections of the resonator are taken to be at the same temperature as the nearest heat exchanger. The ambient temperature of the stack will not, in general, vary linearly from the cold to hot end due to the temperature dependence of the stack and gas thermal conductivity. The ambient temperature is assumed known at all points.
To determine the frequency response, one starts with a known value of specific acoustic impedance at the rigid end of the tube in Fig. 1 (a) . Specific acoustic impedance here can be evaluated using the expression for the boundary layer impedance of a rigid wall. n Use of Eq. (36) known acoustic driver response (e.g., constant displacement, etc.) , the pressure can be determined absolutely at the driver location using the driver response and the calculated expression for specific acoustic impedance. It shotfid be noted that all variables in Eqs. ( 33 ) and (36) are to be evaluated at the local position of the thermoacoustic element or subsection. The translation theorem approach for computing acoustical quantities is a superior way of performing calculations for resonators containing many thermoacoustic elements.
The second example considered is evaluation of a thermoacoustic refrigerator. Though the typical configuration 4 used for a refrigerator has the acoustic driver at the hot (ambient) exchanger, the arrangement shown in Fig. 1 (a) will suffice for the present discussion. The driver is assumed to deliver sufficient acoustic power to the tube that heat is thermoacoustically transported from the cold to the ambient 
II. HEAT AND WORK FLOWS IN THE SHORT STACK APPROXIMATION FOR VARIOUS STACK GEOMETRIES
Heat and work flows are compared for stacks having different pore geometries. In addition to the square pore stack shown in Fig. 1 (b) , parallel plate, circular, and equilateral triangular capillary tubes will be considered.
The short stack approximation was used by Swift 4 to get an interpretable analytical expression for energy flow. Figure 3 shows the arrangement for the short stack approximation. The stack is assumed to be short enough that the empty tube standing wave is unaffected. The temperature difference between opposite ends of the stack is assumed to be much less than the average temperature at the stack center so that the thermophysical quantities are approximately constant and are evaluated at the average temperature. Stack porosity is fl.
Pressure and specific acoustic impedance at z are, from Eqs. (36) and (37), 
Equations (63) Fig. 1 (b) .
the stack, with and without gas viscosity, and when these quantities are negative, it indicates that acoustic power is being produced by the stack. Stacks made of pores for which Im F* (At) is a large value will result in the greatest work flow.
Work and heat flows are to be compared for the various pore geometries shown in Fig. 4(a)-(d 
In all sums given in this section, m and n extend over positive odd integers. For a rectangular pore the average is defined by F( A ) = 1/ ( 4ab ) oe F( x,y;• ) dx dy, where the integral extends over the entire cross section of the pore. Then, 
where •5 is the viscous or thermal boundary layer thickness and R is twice the pore area divided by the pore perimeter. Equation (75) can easily be derived from the large A limit of Eqs. (67), (69), or (74). Physically, 26/R is the area of the boundary layer divided by the pore cross-sectional area. Therefore, it is expected and noteworthy that pores with the same A have the same complex wave number in the widetube limit; i.e., A-, oo .J3 Figure 5 gives a graphical illustration as to when the boundary layer approximation is useful for a particular pore geometry. It also illustrates why it was necessary for Rott • to improve upon the boundary-layer theory of thermoacoustics.
IlL CONCLUSION
Linear thermoacoustics for gas-filled stacks has been reduced to calculation of a single function F. The function F(x,y;A) gives the transverse variation of the longitudinal particle velocity v z (x,y,z). It satisfies the partial differential equation, Eq. (12), and the boundary condition F(x,y;A) = 0 for x and y on the pore perimeter. The average of F(x,y;A) over the pore cross section is F(A). The parameter A is proportional to the ratio of the pore hydraulic radius and the viscous boundary layer thickness that would be appropriate for a flat pore boundary. Similarly, A r is proportional to the ratio of pore hydraulic radius and the thermal boundary layer thickness. The form ofF(r) depends on pore geometry. All first-order acoustical field quantities (Sec. I A-D) and the second order energy flux (Sec. I F) can be evaluated using this function.
The general framework was used in Sec. II to investigate the optimal choice of capillary tube geometry for stacks.
Heat and work flows evaluated in the inviscid, short stack approximation, are approximately 10% greater for the parallel plate stack geometry than for the circular, square, and equilateral-triangle pore geometries.
Impedance and pressure translation theorems were developed in Sec. I E for determining these quantities at all points in the resonator shown in Fig. 1 (a) . With this approach, analysis of complicated arrangements of thermoacoustic elements can be evaluated readily and in a unified manner. Work and heat flows were expressed in terms of specific acoustic impedance and pressure to take advantage of these theorems.
Finally, the function F(/I) is also the key element of capillary-pore based porous media models. •2.
•5 Factors are used in these models to scale properties of random media to circular pores. Thus the scaling factors and methodology of porous media modeling can be readily adapted to be useful in thermoacoustics. After all, thermoacoustic elements are nothing more than sections of porous media, with the added richness of ambient temperature gradients.
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